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Some Results on the ¢-Beta Function

EMRAH YILDIRIM AND INCI EGE

ABSTRACT. In this article we find some results on the g-analogue of the
beta function via using the concepts of neutrix and neutrix limit.

1. INTRODUCTION

The g-beta function By(z,y) is defined for z,y > 0 by

1
By (1) = /0 (L gty

see [1], and the integral diverging for z,y < 0.

By using the concepts of neutrix and neutrix limit see [2],the g-beta func-
tion By(z,y) is defined for all values of z and y, see [3| and its derivative by
first parameter is defined as

l1—¢
(1) Bl (z,y) = N—lim "' (1 — qt)4
e—0 e
for x,y #0,—1,-2,... and r € N, see [4].
In the following, we let N be the neutrix having domain N’ = {¢ : 0 <
€ < oo} and range N” the real numbers, with the negligible functions being
finite linear sums of the functions

An"HIn"e, (A<0,r€N)

and all functions of € which converge to zero in the normal sense as € tends
to zero.

One of the differences between quantum and ordinary calculus is that the
derivative of the product of two functions is not symmetric. Because of this,
the g-integration by parts can be given in two different ways. First one was
given in [1] and the second one which we will use throughout in the paper,
is that

b b
(2) / f(qrv)dqg(fv)=f(b)g(b)—f(a)g(a)—/ g(x)dy f ().

g
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In this work we find some results for the derivative of the g-beta function.

2. MAIN RESULTS

Before we obtain main results, we need the following lemma which can be
shown easily by induction.

Lemma 2.1. We have for r =0,1,2,...
1—¢
N —lim t~HIn" td,t = 0

e—0 c

and the neutriz limit of the integral

1—e
/ t/ In" td,t
I3

exists ase — 0 for j # —1 andr =0,1,2,....

Theorem 2.1. Forr,n=1,2,... we have
7,0 _
(3) B{"(0,1) =0
(4) B{9(0,0) = B0 (1,0)

r

BrOWOn+1) = ~(¢"~ 1)) <J) 0"~~~ BJFLO(1, )

j=0
. Z (]> lnr—]—l q_lB(JZ+1’O(O, n+ 1)
j:
(6) B{"9(~1,0) = B9 (~1,1) + B9 (1,0)
(7)

h,l'l‘q—l 1 r—1 r o .
B9 (—n—1,1) = > In" 7 ¢ 'BYUO (—p—1,1
= L) [—n—1]+q—”—1—1j:0<j>n ¢ B L)

Proof. 1t follows from the definition of g-derivative that

e lg—1 —1 ~1
t lntdqt:§ In(l—¢)lng (1 —¢)—Inelng e,
3

Ing
and
1—¢
N—lim t'Intd,t =0,

e—0 c
so equation (3) follows.
Now for (4), we have

1—¢

B{r9(0,0) = N~lim 7 " (1 — qt), dgt

e—0 c
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1—¢ 1
=N-—lim 1 "t dgt
e—0 € 1-—
1—¢ l1—¢
In" ¢
=N-lim [ ¢t 'In"tdgt + N— hm/ 't
e—0 € —t

7,0
= B{"9(1,0)

forr=1,2,3,....
For this time, let us take f(qt) = In" (1 — qt); and g(t) =
using g-integration by parts, we obtain

1—¢
/ t~ ' In" (1 — qt)dgt
g

q—1 (., — n
:Ns—_}(l)m N In(1—¢&)In"(¢ (1 —¢))(1 - (1—¢))

e (g o) — o)

Ing
q—l/l_8 <7“) r—j —17.j ~1

— Int| —[n ) In" T g In? ¢(1 — qt)7
= DA 1 gy

1_ tnT’ 1
ql Z( )h{ Jg Y nd t]d t
q_

lnql Int. Then

r

-1
= N-li In(1—¢)In"(¢" " (1 —¢))(1—(1—¢))p
€_>(1)m nd n(l—e)In"(g7 (1 —¢))( (1—¢))g
_a-t In(e) In" (g te)(1 — &)”
Ing a
T r ) 1—¢ )
— \J €
7=0
r—1 r ) 1—¢ .
_ Z ( ) In" 7 1g! / 1t — qt)gdqt.
=0 :

Taking the neutrix limit of both sides gives equation (5).

Next
l1—¢
BUO(=1,0) = N—lim [ +2In" (1 — qt); d,t
e—0 I3
l1—¢ 1
= N-lim 2 In" t——dgt
e—0 I3 1 - t

1—¢ 1—¢ l1—¢ 1
= N—lim / t721n" td,t + / t~1 In" td,t + / In" t——d,t ¢,
e—0 e e c 1-1¢
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and since the neutrix limit of second integral is zero in the last equation, we
obtain

r,0 _ r,0 7,0
B9 (~1,0) = B9 (~1,1) + B9 (1,0).

In particular, for » = 1 we have

1—e
1,0 _ . -2 —1
B9(~1,0) = N-lim t2Int(1—qt), 'dyt
e—0 e
1—¢ 1
= N—lim t2Int——d,t
e—=0  Je 1-t¢
1—¢ 1—e 1—¢ 1
=N-—lim / t2 lntdqt—i—/ tllntdqt+/ Int——dgt
e—0 e e c 1—-t¢
qlng (1,0)
S G S ICOIR))
G- Y
To obtain equation (7), let us take f(t) and g(t) as f(qt) = In"¢~'t and
t_n_l

g(t) = m respectively and then we get

l1—e
B{r9(—n —1,1) = N-lim t™ 20" g Hdt
e—0 e
. (1 _ 8),71,1 . gfnfl .
=N-lim——1In" l—¢)——In"¢ ¢
i T e (e g e
r—1 r 1—¢ ) A
In" 7 ¢ t7 "% 1n? td,t.
ey X () [
This completes the proof. O

Also it should be noted that by taking f(¢) =In"t and g(t) = [t:::h and

using g¢-integration by parts in [1] we have

1—¢ (1 o E)fnfl Efnfl In"
2" g Mdyt = ~———In"(1 — ) - ———
/g ! [=n —1] [=n —1]

1 r—1 r . 1—¢ = .
- ) In"Y q/ (qt)"" "t Ind tdgt,
[—n—l](q—l); <J> . !

and taking the neutrix limit on both sides we get

r—1

8) BOO(—n—1,1)= —— 3" (") 10" ¢BGO (—p 1, 1).
q qn+1 -1 j q
Jj=0

If we use property of the g-analogue of (1 — )" on Bér,o) (0,n) we get

1
Bir9(0,n) = N-lim [ ¢ 'In"¢(1 - qt)2 " 'dgt

e—0 c
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1
=N-lim [ ¢t 'In" (1 — qt)p *(1 — ¢" " 't)dgt

e—0 e

1 1
=N-lim [ ¢t 'In"t(1— qt)) 2dgt — ¢" " / In" td,t
3

e—0 e

and so

1 1
B{O(0,n) =N-lim [ ¢ 'In"tdgt — > ¢ / In" dgt.
i 3

e—0 c

Hence by lemma 2.1 we get
(9) Bgr’()) (0,n) = — Z quch’O) (1,1).
We can similarly obtain that
n—1 ‘
(10) B O(1,n) = BIrO(1,1) = > ¢/BIV(2,1).

Now we generalize equation (6) as follows.

Theorem 2.2.

n+1
(11) B0 (—n,0) = B{O(1,0) + Y B0 (—j +1,1)
j=2

forr,mn=1,2,....

Proof. If we apply g-integration by parts on the definition of beta function,
then we get

1—e
B (—n,0) = N—lim " (1 — gt) Ldgt
4 e—0 c 4
1—e 1—¢
= N-lim / In"t(1 —qt), Yd,t + / t~1In" td,t
e—0 e e
ntl .1_¢
+> / =7 In" tdqt}
j=2"¢
Hence by lemma 2.1, the proof is completed. O

In next theorem, the constants ¢, ,(m) of the expansion of the terms

(1—e)" 1In"(1 —¢) ZCT”
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can be presented as
0, m<r
Gn(m) =< (=)™, m=r
n—m, m=r+1
forrrm=1,2,....

Theorem 2.3. We have

w0 oy Cra(m) 1] ey,
B, (n,—m) - + =] B/ (n—1,-m+1)
(12) n—1 1
+ 4 Z ") 1k gB¥F)(n —1,—m+1)
[=m] &= \k ! ’

forrm=1,2,... andn=2,3,....

Proof. Since we have

l—e
/ " " (1 — qt) ;™ dgt
€

i1 — ) e 1

1—e
- TR L T S 1]/ 2 (1 — gt) Tt
(e R { i @
<« (" Ky [1F 1.k
+ Z(:) <k> In"~ t/E (gt)" ' In* t(1 — gt);™dyt
(- e ln"(1 —eg)e™™ " 'In"e(l - e)g™
[—=m] [—m]
[n —1] /1_5 -2 -
"= In" t(1 — qt) "d,t
g [ TR
qnfl r—1 r X l1—¢ -
In" "¢ " In" (1 — qt), "dgt
+ [_m] kzzo (k) n /a n ( q )q q®
the proof is completed by taking the neutrix limit of both side of the last
equation. O

Finally, we note that all results obtained in the paper are in agreement
with the results given in [5-10] as ¢ tends 1.
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